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ON THE RELATION BETWEEN THE THREE-PARAMETER GROUPS 
OF A CUBIC SPACE CURVE AND A QUADRIC SURFACE* 

BY 

A. B. COBLE t 

§ 1 . Statement of the problem. % 

As is well known, there is a three-parameter group, G^, of projective trans- 
formations which leaves unaltered a cubic curve, C*, in a space of three dimen- 
sions, S^. The group, F^, of algebraic transformations, reciprocal to G^ also 
leaves C unaltered. 

The six-parameter projective group which leaves a quadric, Q, in a three 
dimensional space, S^, unaltered contains two three-parameter subgroups, T^ 
and $3, each of which is defined by its leaving unaltered every one of a set of 
generators of Q . 

That the groups G^ and V^ are similar Lie has pointed out. He has given 
also a transformation which carries the one group into the other. But the 
form of this transformation is not such as to permit of an easy discussion of its 
properties. It is the object of this paper to set forth a transformation, T, which 
carries G^ into F3, in such a form that its eifect upon the various manifolds in 
8^ and 2, may be more easily studied. This object will be effected by first 
obtaining the integral equations of G^ and T^ in readily comparable forms. 
Possibly the chief interest of the method lies in the fact that the algebraic trans- 
formation T will also transform the projective group 4*3 into the algebraic 
group J^3. Properties of F^ may then through the knowledge of T be inferred 
from those of <J>3 . 

§ 2. The trilinear binary form. 

The general trilinear binary form, written symbolically as 

A = (ax)^y){yz), 

involves homogeneously eight constants — its system of coefficients. If these 
coefficients or properly selected linear combinations of them be considered as 

*Read before the American Mathematical Society December 23, 1904. Received for publica- 
tion February 18, 1905. 

t Of the Carnegie Institution, Washington, D. C. 

i The author is indebted to Professor Study for the suggestion of the problem and the method 
of treatment employed. 

1 
Trans. Am. Math. Soc. 1 
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coordinates in a linear seven-dimensional space, 8^, we obtain a one-to-one 
correspondence between the points of S^ and the totality of forms A . Expand- 
ing A according to the Clebsch-Gordan formula, we have 

A = Aj^+ A.^, 
where 

A = i [(«^)(^2)(72/) + (^z){^y){yx) + {ay){/3x){yz)], 

A= B [(2/2)(^7)(«a;) + (zx){ya){0y) + {xy){a^){yz)-]. 
If 

(^pxf ^ (^ax)[0x)(yx) then A^ = (px)(py){pz). 

Hence ^j and A^ each depend homogeneously upon four constants : the former 
upon the coefficients of the cubic {pxf; the latter upon the six quantities 
(y87)a^, (7a)yS^, and (a/3)7^ ('= ^> ^) > among which exist the two linear 
relations given by the identical vanishing of 

In the aggregate of forms A occur two special linear aggregates : that of the 
forms A^ represented by the points of a three-dimensional spread, S^, in 8^ ; and 
that of the forms A^ represented by the points of a three-dimensional spread, 
Sj, in 8^. Since A^ and -i^j do not vanish simultaneously, 8^ and —3 are skew 
spaces. If the forms A (x, y, and z considered cogredient) be transformed by 
the general binary projective group, the space 8^ is transformed by a three- 
parameter projective group, which, in the invariant space 8^, leaves a cubic 
space curve unaltered and, in the invariant space S3, leaves a quadric unaltered 
— the quadric 

(/37)(a;S')(7V) = (7«)(/37')(a'^') = (a/3)(7a')(/3Y) = 0. 

The trilinear form has now served its purpose in having suggested the fol- 
lowing coordinate systems in 8^ and S3. In 8^ we take as the coordinates of 
a point the coefficients of a binary cubic form, [pxy. In 2, we take as the 
coordinates of a point the six quantities l,,in^,n^ (t= 1, 2), connected by the 

identity 

{Ix) + {mx) + (w.t) = 0. 

§ 3. Tlie group} G.^ and its invariant systems of manifolds in 8^. 

The representation of points in an 8^ by binary cubic forms is well known. 
For our present purposes we use the following notation for the comitants of 
the cubic and resolution of the cubic into its linear factors given by E. Study.* 
We take 

/ = _p = (pxf = (p'xf, a = {Bxf =- ^{pp' )\px){p'x), 

*Amerioan Journal of Mathematics, vol. 17 (1895), p. 187. 
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g=(ga;)'=2(j3, B) = {pp'y{p"p){p'x;){p"xy, 

r=i{p, qr=^{^n'=h{pp'np"p){p"p'){p"yf- 

The syzygy between these forms is 

48^ + g2 _,. ^y2 _ ; 
whence 

- 4S^= (5+ |/^7-/}{5 - l/^7/}. 

The linear factors (o-x) and (tx) of S are defined as 



(.,)=;|i+4^i/, (.,)=^i^i^, (..)(..)=-s. 



Hence 



{axf + {rzf = q, (axf - (rxf =V- rf, 

(o-t)^ = ?• l/ — r, (a-Ty=—r, . • . (o-t) = — l/— r. 

If e is an imaginary cube root of unity and e^, e^, €3 a cyclical permutation of 
1, e, e', also if e^ is the conjugate of e., three linear forms (Xa;), {/J'X), (vx) are 
defined by the equations 

(<tt){Xx) = i^{(rx) - e^{Tx), {aT){iJ.x) = e\{(7x) - e.^{Tx) , 

{(rr)(vx) = e\((rx) - e^(Tx) ; 

and it follows further that 

= (Xx) + {/Jix) + (vx), 

3B = r {{^x){vx) + {vx){\x) + {\x){fj^x}} = -'^Y.i^^y > 

p =r{\x){fix)(vx) =3 ZlC^^')''' 

3 l/^3 q = {{/xx) - ( vx)} {{vx) - (\x)}{{\x) - {fJix)}, 



We can now write the group G^ in the form 

(A) {\'x) = {\d){Bx), (iM'x) = {fj,d){8x), (v'x) = {vd){Bx), 

where {dy){B.v) is a general linear transformation in the binary domain. Any 
one of these three identities in a; is a consequence of the other two. Since the 
forms (Xa;), (fJ^x) and (vx) are defined on the supposition that r =|= 0, the 
group ©3 in this form is defined only for points in general position. This is 
sufficient however to completely detemnine the group. 
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Hereafter we consider (pa;)* a variable point (undetermined cubic form) and 
retain for functions of its coordinates (coefficients) the above notation. The 
forms {p^xy, (P-i^Yf sto., denote fixed points and their comitants are distin- 
guished from those of (px)^ by the use of the respective suffix. A point on C* 
is given simply by a linear form. Then we can state that 

(1) {pPiY = is a plane cutting C^ in the points {X^x), (^fi^x), (v^x) and 
passing through (pjCc)'. 

( 2 ) r = is the ruled surface of tangents of C and contains C^ as a cuspidal 
edge. Or it is an algebraic surface of the fourth order containing C^ as a double 
doubly asymptotic curve. 

Here we understand by an wi-tuple p-tuply asymptotic curve on a surface, a 
curve of m-tuple points such that the tangent cone of order m at every point on 
the curve contains the osculating plane of the curve at that point p times. 

(^) {9PiT = is the polar cubic surface of [p^xy as to r = . It contains 
C^ as an asymptotic curve but has double points at {\x) , (fi^x) , (v^x) . It 
meets r = in the three tangents to C" at these double points and in C" taken three 
times. 

(4) {Bay = , where (aiey = (a^x) ■ (a^x) is a general quadratic binary 
form, is tlie most general quadnc containing C. The system of generators 
which are chords {double secants) of C* meets C" in pairs of points apoktr to 
(^axy = 0. The two tangents of C^ at (a,a;) and {a^x) together with C" taken 
twice form the intersection of {hay ^ and r = 0. If [axy has a double factor 
(OjCc), the quadric is the cone containing C^ with vertex at {a^x). 

If now, for brevity, we write [(pa)^]" for (pay {p ay . • • ( p("~'^a)' and use 
corresponding abbreviations for the other concomitants of ( px y we can state 
the theorem : 

(5)* The most general algebraic surface of order n in 8^ can be written 

2 [(j9a)3]"i[(8a)2]'^[(ga)3]"3^»4= 0, 

where w* = 1 and (ax)''*'+^''^+'"' is a general binary form of that order, the sum- 
mation being extended over all positive integer solutions of n^-\-2n2+3n^-]- 4n^=^n . 
(6) The most general algebraic surface of order n containing (7^ as an m-tuple 
p-tuply asymptotic curve is that of (5) whet^e the exponents satisfy the further con- 
ditions 

n^+ n^+2n^ = m, n^+2n^=p (p^m) 

and the summation contains a term satisfying both equalities. 

*0( the above (1), (2), (3) and (4) are -well-known manifolds connected -with C. (5) and 
(6) are proved in an article by the anthor to appear later. The proof of (7) rests simply on the 
application of Aronhold's process to the comitants of the cubic. The sextic in (7) in con- 
formity with the requirements «3 ^ 1 can be written 

r^- {^P,y{'^'p[n^"Pi){'^"p'i) -r ■ (^p)HKp')H'^iP) i^iP') =0. 
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A particular surface which turns up later is 

Of this the following properties are easily verified : 

(7) The sextic surface S^{p^) contains C^ as a double doubly asymptotic curve 
with triple points at (cr^x) and (Tj*-). At the point {Pi^y it has a triple point. 
The tangent cone at the triple point osculates C^ at ( o", a; ) and (t^x) and cuts it at 
the points given by (^q^x)=-0. The surface contains the line {p^x^ + pili^Y 
as a double line (except for the three triple points'). The tangent cone at (q^xy is 
(q^pY =" taken twice. 

The system of surfaces S^{p^) is transformed into itself by G^ and the group 
is six-tuply transitive with regard to general members of the system. 

§ 4. The quadric Q in 1,^ and the groups T^ and $3 . 

A point in Sj being given by the coefficients of the three binary forms 
(Ix), (mx), (wx) for which always the identity 

(1) (Ix) + (mx) + (nx) = 
holds, and therefore 

(2) (mn) = (nl) = (Im) y 

we have, as the equation of a quadric Q , 

(3) (mn) = (nl) = (Im) = . 

A system of generators, say the A-generators, of Q is given by the identity 

(4) p{lx) + a{mx) +T(nx) = (p:a:T+i:i:i) 

By the use of (1), identity (4) may be written in infinitely many forms but we 
shall take usually that one for which /a + o- + t = . The A-generators are 
then determined by a binary value system p, a-, t. 

Three of these generators, denoted hereafter by a, b, and c respectively and 
given analytically by 

— 3(/x)= — 2(&)4- (mx) + (na?) =0, 

(5) — 3(mx)= (Ix) — 2(ma;)+ (nx) =0, 

— 3(nx)= (Zee) -f (mx) —2(nx) = 0, 

will be called the "principal generators." The Hessian pair i?(a, b, 0) of 
these three are 

(6) (Ix) + o) (mx) + o)'^ (nx) = , (Ix) + w^ (mx) + co (nx) = , 

where to is an imaginary cube root of unity. The generators forming the cubic 
covariant of the principal generators, denoted respectively by a' , b' , c' , are 

(7) (mx) — (nx) = 0, (nx) — (fe) = 0, (Ix) — (mx) = 0. 
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The second system of generators, say the /c-generators, of Q is defined by the 
simultaneous holding of 

(8) {lu) = Q, {mu) = 0, {nu) = 0, 

in which u^ : u^ is an arbitrary but fixed value. Any one equation of (8) is a 
consequence of the other two. The /c-system is thus also determined by a 
binary value system u^:u^. The plane 

(9) /3(^m) + o-(»im) + T(nM) = 

is a tangent plane of Q containing the /t-generator (p, a , t) and the /c-genera- 
tor (m). Then the tangent planes containing a and the /c-generator {I'); b 
and the /c-generator (m' ) ; c and the /c-generator (n' ) are respectively {H' ) = 0, 
(mm' ) = and {nn ) = and they meet in the point whose coordinates are 
{I'x), (m'x), (w'x). Thus if the principal generators are fixed as well as a 
binary value system on any one of them then our coordinate system is fixed. 
If the I' , m' , n are permuted in all possible ways six points are obtained cor- 
responding to the six possible ways of coordinating the three ^-generators with 
a, b, c. Such a set of points will be called a 6-point and be said to be defined 
by a 3-K (T, m', n"). By very simple analysis we verify that in general 

(10) A 6-point [l,m,n) lies on two lines which form the diagonals of the skew 
quadrilateral on Q whose sides are H(a, b,c^ and the Hessian pair of the S-k 
(l, m, n). These two lines are conjugate lines of Q and each intersects Q in the 
Hessian pair of the three points on it. 

The construction of a 6-point just given is not valid if (mw)=(n^)=(^m)=0 . 
The point then has coordinates p^(ux), a-^(^ux)y t^(ux) where p^-j- a■^■j- t^ = 
and lies on a /c-generator (m) and an A-generator (^p, a-,T) where p -f o- + t = 
and pp^ -f- crar^ -f- tt^ = 0. In general the three quantities, p, or , t are distinct 
and different from zero and the 6-point is the six intersections of the /c-genera- 
tor (m) with the six /i-generators obtained by permuting p, a, t. But if 
/3:(t:t= — 2:1 :1, the 6-point is the three meets of a, 6, e with the /c-gene- 
rator u; if/):<r:T = 0:l: — 1 the 6-point is the three meets of a , b' , c' with 
a:(m); while if p : cr : t = 1 :«: co^ the 6-point is the two meets of H(a, b, c) 
with a:(m). 

The equation of a plane in 2^ may always, by the use of (1), be put in the 
form 
(11) (ll) + {mm) + (nn) = 

so that the coefficients or plane coordinates (Ix), (mx), (nx) also satisfy the 
identity (1). Hence as for points we have 6-planes whose coordinates are the 
permutations of the coordinates of any one of the six. 

(12) Each plane of the Q-plane (l, m, n) passes through a line of the 6-point 
(I, m, n) and a point on the other line. This relation of the two is 7'eciprocal. 
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The construotion of the Q-plane is entirely dual to that of the G-point except that either 
the a , b' , c' take the place of a, b, e or the cubic covariant of the S-k (I, m, n) 
takes the place of the 3-k itself 

The polar planes as to Q of a Q-point (I, m, n) form a Q-plune 
(m — n,n — 1,1 m) whose construction is entirely dual to that of the Q-point. 

The identities in x 

(13) (Ta;) = (d^)(8x), (m'a;) = (dm)(Sx), (n'x) = (dn)(Sa;), 

in which, as before, ((i2/)(Sx) = is the general linear transformation in the 
binary domain, represent a transformation of the point, I, m, n into the point 
V , m' , n which leaves unaltered both the identities (1) and (4) and, therefore, 
every generator h. Hence 

The identities (13) are the equations of V.^. 

And further the identities 

( Tx ) = a^(lx) + a^ ( mx ) + a^ ( -nx ) , 

(14) (m'x) = b^(lx) + b^i^mx) + b^i^nx), 

( n'x ) = Cj ( &) + Cj ( mx ) + Cj ( nx ) , 

in which (a^ -\- b^-\- c^) :{a^ + b^-\- c^) : (a, + 63 + Cj) = 1 : 1 : 1 , leave un- 
altered the identity (1) and the equations (8) and, therefore, all /c-generators. 
By the use of (1) these may be written more compactly 

(Tx) = a^[mx) + cf3('nx), 

(15) (m'x) = 63(^0;) + 6j(fe), 

( n'x ) = Cj ( /x ) + Cj ( mx ) , 

in which [b^ + ^i) = (^2 + ''2) • ("3 + b^) = \ : 1 : \ , Hence 

The identities (15) are the equations of ^^. 

From the form of (13) and (15) we see that the order of succession is im- 
material, i. e., the group ^^ is the group reciprocal to V.^. A simple transforma- 
tion that carries the one group into the other is the harmonic perspectivity with 
center of perspection the point I!', m", n" (not on Q) and plane of perspection 
the polar plane of this point as to Q. This transformation, S , reads 

(m"n")-(rx) = [(mn") + (m"n)'](l"x) — (m"n")-(lx) , 

(16) (n'7") (iw'x) = [(nr') + (n'7)](m"x) — (n"l") -(mx), 
(l"m")-(n'x) = [(?m") + (Z"m)](n"x) — (r'm") -(wx). 

And the transform of (13) by (16) reduces to 
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— (m"n") -(Tx) = (^dn"){hl"^^ -(mx) — (dm") {SI") -(wx), 

(17) — (n'7") -(m'x) = (dr')(Bin") -(nx) — (dn")(Bm") -{Ix), 

— {I" m" ) ■ {n x) = {dm'){hn')-{lx) — {dl"){hn") -(mx). 

This is tlie group (15) or <E>3. 

It contains a finite group, g^, of six transformations which gives rise to the 
six permutations of I, m, n, i. e., it is the group which leaves every 6-point 
and every 6-plane unaltered. 

The group <E>3 also contains the special transformation, D , given by 

(18) {I' x) = {mx) — {nx) , {m'x) = {nx) — {Ix), {n'x) = {Ix) — {mx). 

D is "interchangeable" with any transformation of ^^ ; and D and the transfor- 
mations of g^. are the only transformations of ^3 which carry 6-points into 
6-points. 

§ 5. The transformation T. 

A comparison of the integral equations of G^ and V obtained above suggests 
at once the transformation, T, which carries the one group into the other. 
Introducing for convenience- later a factor of proportionality, we will define T 
by means of the identities 

3 3 3 

(^) <^'^)=(winf(^^)' (/^^)=('^2(™a;), {vx) = ^^,{nx) , 

viewing this as a transformation of the space ^3 into the space 5)3. The form 

is so simple however that we may also consider (1) as T~\ the inverse of T 

which transforms the space ^3 into the space S^ . 

Since (Xx), (/"■«), {vx) are defined only to within a permutation we have 
(2) T is an algebraic transformation of the space S^ into S3, one point of S^ 

being transformed into a Q-point of S3 . By T~^ one point of ^3 is transformed, into 

one point of 8^. T transforms the six-tuply transitive group G^ into the simply 

transitive group V^ . 

By a well known theorem, T~^ will then transform the group $3, reciprocal 

to r^, into the group F^, reciprocal to G^ whence from (15), § 4, we have the 

identities 

{\' x) = a^{ix,x) + a^{vx), 

(3) {fi' x) = b^{vx) + b^^{Xx), 

{v' x) = c^{\x) + c^{fix), 

in which (6^ + c^) : (c^ + a^) : (Cj + 63) = 1 : 1 : 1 are the equations of the alge- 
braic group jPg . 

The translation of the property of S, (16), § 4, gives 

(4) The transformation S in which ?'', m'-'-\ n'-'-^ are replaced by \^'-\ i/'-\ i/'' 
carries the projective group G^ into its reciprocal algebraic group F^. 
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Having now obtained the various groups and the transformations S and T in 
the desired form there remains the study of the effect of these transformations 
upon certain manifolds and the resulting derivation of some properties of the 
groups. 

§ 6. The transforms by T of manifolds in S^. 

The cubic ( px y may be written as r ( A,x )( /aa; )( I'a; ) or 3 ( Xcc )( /^a; )( vx ) /( X/ti y. 
From the formulae (1) § 5 , {\im) = Qjilinf . Hence, by T, {pxf = Qx) (mx) (nx) 
and the plane (ppi )' = becomes {lpi){ mp^ ) ( np^ ) = , a cubic surface. Using 
the comitants of {p^xy, this surface may be written in various ways and its 
properties easily deduced. Thus 

(1) {lp,){mp^){np.) = l\_{lp,y + {mp,y + (njo,)'] 

^ l^la^y + {m<r^y+{na,y-{lr,y-{mT,y-{nTj^ 



(2) = --L=. l{lcr^){ma^)(na^)-{h,)imr,){nr^)] 

y — r^ 

= "i i{l\y+{m\y+(nX,y+{li.,y+{m,Mj+{nfi,y+{lvJ+impJ+ (nvj] 

(3) = ll { [(aO + (mMO + («i^.)] l{I,.,)+imv^)+{nX,)] [ilv,)+{m\) + («/.J] 

(4) = |i { [(aj + ay{m\) + «^(nX,)] [(^) + co{m,.^) + «^(«/.J] {{Iv^) 

+ (o{mv^) + m\nv^)'] + [(a^) + »'(™\) + «(«\)] [(Zm,) 

21V — i\ 

- [{h^) + «(mTj + o^'inr^yy- [{h,) + a,^(mT,) + a,(nT )]='}. 

Calling now the six points in which the 3-k(Xj, ja^, v^) meets the two gen- 
erators H{a, b, c) or A, and /i^ respectively h^^, A^i j ^12 > K2> Ks' Ki'> ^^^ 
further the six points in which the Hessian generators, (o-jjc) and {r^x), of 
the 3-K meet a, b, respectively a^, t^; ct.^, t^; a^, t^; and recalling that 
the 6-point (Xj, /a^, v^) is made up of two sets of three points Jj, I^, I^ and 
J,, Jj, J3 lying respectively on two lines i, and i^? ^e may with reference to 

(5) state : 
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(6) The plane ( pp^ )' = m S^ is transformed by T into the tetrahedral cubic 
surface (1). The vertices of the tetrahedron are the four meets of H(^a, b, c) and 
tlie Hessian K-gener'ators ( cr^ a; ) and ( t^ a; ) . Tlie planes of the tetrahedron are 
the tangent planes of Q at the vertices, i. e., the tetrahedron is inscribed in and cir- 
cumscribed to Q. The third pair of opposite edges is L^ and L^. 

From (2), (3) and (4) we may read off the situation of the right lines of the 
surface. 

(7) The 27 straight lines on the cubic surface (1) are h^,h^^, (t^t^ and I,J^ 
[i, «= 1, 2, 3). The surface cuts Q in the three h-generators a, b , c and the 
three K-generators (XjX), (/x^x), {v^x). 

If (p,a;)^ has a double factor, say (pjx)'= (ax)- (6a;) where {ax) and (6a;) 
are linear forms, {pPif = is a tangent plane of C^ at {ax). The cubic sur- 
face (1) is now 

(/p,) (mpi) (":Pi) = i [(^^)^(^^) + {niaf{mb) + {na^^nb)'] 

(8) = 2V { i{la) + (o{ma) + oi\na)'Y li^^) + «(m^) + «'(n6)] 

+ [{la) + (o''{ma) + oa{na)Y[{lh) -\-oa^{mb)+ (o{nb)']} . 

Hence, calling the generators k given by {ax) and (6a;) the double and single 
generators respectively, we have 



(9) The cubic surface in 2^ corresponding by T to a tangent plane of C^ 



m 



^i 



has the double generator for a double line. It is a ruled surface whose lines run 
across the double and single generators, two through every point of the first and one 
through every point of the second. Through the points where the double generator 
meets a, b, run the lines to the points where the single generators meet a, b, e 
and a , b' , c . 

If finally (p, a; )^ has a triple factor (aa;),the surface (1) is {la) ■ {ma) ■ {na) , 
I. e., three planes. Hence 

(10) The cubic surface is Sj corresponding by T to the osculating plane of C" 
at {ax) in 8.^ is the three tangent planes of Q at the points ivhere the K-generator 
{ax) meets a, 6 , c . 

In general 

(11) To the triply infinite linear system of planes in 8^ corresponds by T the 
triply infinite linear system of tetrahedral cubic surfaces in S^ having for common 
lines the three principal generators a , b, c. 

Three general surfaces of this system having in common a curve of degree 3 
and class meet further in six points — the 6-point corresponding to the meet 
of the three planes in 8^ . 

We take up now the cubic surfaces in 8^ defined by ( qp^ )^ = . Since 

(l^f= 77^ K^'-^) -('«)} {(''^)-(^»')} {(Xa;)-(Ma;)} 
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we have on applying T 

( 'fYhfli I 

(^qxy = ^js— { (mx) — (nx) } {{nx) — (Ix) } { (Ix) — (rnx) } ; 
hence 
(12) {(If J = ^y- {(mp,) - (npj } { («p,) _ (?p,) } { (/pj _ (m^j) } . 

The transformation, I), [(18), §4] which interchanges a, b, o with a , b' , c', 
changes (12) into 

^2^^ ^ ^'^1 ) ^ ™'^i ) ( «>i ) J 

which is of the same type as (1). Hence 

(13) To the cubic surface {qp^f = in S^ corresponds by T in Sj, besides the 
quadric Q counting three times, a tetrahedral cubic surface, the transfo7-m of (1) 
by the harmonic axial colUneation, D , whose axes are H{ a, b , c) . 

In the case of the quadric through C^ , ( Sa )^ = , we write 

(&)^ = -;;S(Xx)-=-^,2(Xa,)% 
or 

(Sa;)2= — -J- { (Xx) + m{nx)+ a)^{vx) } {(Xx) + <b^(^x) + w{vx)} 

= — ^y {''^nf { (^yj) + (o(mx) -J- (B^(nx) } { (&) + co'^^mx) + (o^nx) } . 

If (ax)^ = (ajx)-(a2a') and {bxy = (b^x)■(b^x) is apolar to (ax )^ we may 
write 

(Saf=- -^{mnf {[(lb^)+oy{mb^) + o,\nb^)']l(\)+(o\mb^)+cJ(nb^) 

(14) 

+ [(^^2) + '"(^^2) + '"'(^^2)] [(^^) + ^'C''^^) + '»(«^)] } • 

Hence we have 

(15) To the quadric {Baf = in 8^ corresponds by T in S3, besides Q count- 
ing twice, a quadric which intersects Q in H( a, b , c ) and the two K-generators 
(ttjX) and (a^x). The two are included in a set of generators k of (15) obtained 
by taking the two diagonals of all quadrilaterals formed with H(a, b , c) by a 
pair of K-generators apolar to ( ax )^ . Each diagonal pair of generators ic corre- 
sponds to one of the set of generators o/'(Sa)^ = which are chords of C^.* 

If{axy has a repeated factor (OjX), (Sa)^ = becomes the two tangent planes 
of Q at the meets of the K-generator ( ftj x ) with H{ a, b , c ) . 

Finally, since 

*For this last see (21) p. 13. 
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we have 

(16) To the quartic surface r = in S^ corresponds, by T, Q counting six 
times. 

This last theorem has a meaning only when we consider both T and its 
inverse. The indeterminateness of T is due partly to the explicit factor 
3l(^mny and partly to the factor (err) = — i/— r employed in the definition of 
(Xx), (fj^x), (vx). If we consider only the ratios of X, fi, v and of I, m, n 
we may say that 

(17) To every point on a tangent to C" at (X^x) corresponds by T the three 
points of Q in which the K-generator {\x) meets a, b , e, while to a point of C 
corresponds no definite points in 2^ . Inversely to every point of Q on the k- 
generator (X^x) corresponds by T~^ the point (X^x) of C^ except that to a point 
on a, b, or c corresponds no definite point of S^ . 

In connection with the general theorems (5) and (6) of § 3 we have the 
following : 

(18) A surface of order n in S^ which contains C* as an m-tuple p-tuply asymp- 
totic curve is transformed by T into a surface in S^ of degree v = Sn — 4m — 2p , 
the quadric Q which appears 2m -)- p times being disregarded. 

For, according to (6) § 3, the most general surface of the above sort can be 
expressed in terms of the special surfaces which occur as the coefficients of 
{px)^, (&k)^ (5'x)^ and r. And there is at least one (and in fact only one) 
term homogeneous of degree n^ in the coefficients of (Sx)^, n^ in those of (g'x)^ 
and n^ in r, and such that n^+n^ + 2n^ = m and n^ + 2n^ = p. From (13), 
(15) and (16), Q separates out to a degree 2n^ + 3n^ + Qn^ = 2m + p for this 
particular term and to a higher degree for the other terms. 

Curves in S^ are transformed by T into curves in S3 which admit through 
every point at least one triple secant for they are made up of 6-points. We 
will consider only the lines of ^3 . A line in general position, the intersection 
of two planes, is transformed by T into the intersection of two cubic surfaces of 
the system (11). Hence 

(19) To a line in genei-al position in S^ there correspond by T a curve of the 
sixth order which meets Q in the twelve points common to a, b, c and the four 
K-genei'ators defined by the tangents of C^ met by the original line. Through every 
point of the curve passes a triple secant whose conjugate line as to Q is another 
triple secant, a, b , c are quadri-secants of the curve. If the line in 8^ is a tan- 
gent line of r = in general position two of the four K-generators coincide. 

Since a tangent of C'^ at (ox) is the intersection of the planes ipay(pb) = 
and (paf = we have by taking the meet of the two corresponding cubic sur- 
faces in 2,, 
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(20) To a tangent of C^ at (ax) corresponds in Sg the K-generator (ax), count- 
ing six times. 

A chord of C^ is the pencil of cubics (PiX)' + \(q^xf and it meets C^ at 
(a-|X) and (tjX). From the properties of the 6-point it follows that 

(21) To a chord of C corresponds in S^ the two lines of a Q-point which are 
diagonals of the quadrilateral formed by H(^a, b, c) and the K-generators (""jX) 
and (tjx) and further these two K-generators each counting twice. 

A secant of C at (6,x) may be taken as part intersection of the quadric 
{Baf = and the plane {pbi){pa^y = 0, where (^jx) is a factor of (ax)^ To 
the plane corresponds in S3 a cubic surface with the /c-generator (a,x) as a 
double line, while to (Bay = corresponds a quadric with this generator as a 
single line. The remaining intersection due to the secant at (b^x) is a curve 
of the fourth order and second kind. In the general curve of this type it hap- 
pens four times that triple secants become tangent secants. But triple secants 
arising from 6-points cannot so degenerate and in fact the four tangent secants 
are replaced by two flex tangents. For let the secant of C^ be given as the 
intersection of the two planes {pi>^){p\)(,Pf^i) = and ipf>i){p\){pfJ'2) = 0- 
We verify easily that the corresponding cubic surfaces in Sj touch along the 
K-generator. The remaining meet, a curve of fourth order, meets Q in eight 
points, six of which correspond to the two intersections of the original chord 
with r = and lie on a , 6 , c . The other two are the meets of the «-generator 
(6jX) with H{a, b, c). That they are flexes we may deduce from the follow- 
ing limit considerations. As the variable point on the chord of C^ approaches 
(6, x), its Hessian tends to a limiting value whose factors are {b^x) and the 
polar of (6,x) as to (cx)^, the pair apolar to both (XjX)(/it,x) and [\x){fi2x). 
Three of the 6-point cluster around the one point where the /e-geuerator (b^x) 
meets H(a, h, c), the other three about the other point, each three however 
always lying on a diagonal of the Hessian quadrilateral. In the limit the two 
sets of three points coincide at the meets of {b^x) with H{a, b, c); the two 
lines of the 6-point become flex tangents and have for limiting positions the 
diagonals of the the quadrilateral form by H{a, b, c) and the two K-generators 
(6jX) and (e6j)(ex). 

To a chord of C^ defined by the planes 

(A)(P\)(PMi) = and ipb,){p\){pfi.,) = 

corresponds in 2^, besides the K-gener-ator ( b^x) counting twice, a curve of the fourth 
order and second kind with two inflexions. The flex point's are the intersections of 
(6jX) with H{a, b, c). The flex tangents are the diagonals of the quadrilateral 
on Q formed by H{ a, b, ) with the two K-generators (b^x) and the polar of 
(&,x) as to the pair apolar to both (X^x)(fi^x) and (\x){/Ji2x). 
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§ 7. The transforms by T~^ of manifolds in S^. 

For the sake of brevity we shall content ourselves with an examination of the 
effect of T~' upon the simpler manifolds, the planes and lines, of S^. The 
results obtained will be sufficient to exhibit some of the properties of the alge- 
braic group F^. 

In general it may be said that a manifold of order n, M" , in S3 must be 
considered in connection with the others obtained by replacing each point by 
the 6-point to which it belongs. The 6-Jf" so obtained rather than the orig- 
inal if" alone is transformed by 2'~' into a manifold, M, in 8^. If the order 
of 31 be m, a line cuts it iu m points in general position. In Sj then a sextic 
curve cuts the 6-Jf" in 6m points ; whence 6m = 36n . 

(1) T"-' carries an M" {or also its 6-if") into an if"" in S^. 

We should expect then a plane of Sj to be transformed by T~^ into a sextic 
surface. For convenience, however, we consider the effect of T upon the sextic 

(2) rr^[{pp,fY-l{qqJY=0- 

From the equations of T, r = (mny/27 and from (5), § 6, 

where a, j3, 7, S are the linear expressions occurring in (5) in the order there 
written. Hence 

(mw)' 

W 
From (12) and (13) of § 6, we have 

( 7)171 )*^ 

since 

(o-,x)' + (tjX)^= (q^xf. 

By a change in the sign of ( ra? ) in (5) of § 6, we have at once for this case 

[mny ,3 3 3 3 

(??i) = ~2f2^- [« -h /3 + 7 + S ] , 

in which a' is a written in primed variables, etc. Therefore 

[iqqJT = ^h-" + ^" + y" + ^'y, 



(3) rr^ lipPrfY = - ^' [a3 + ^3 _ y _ py 
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since 

a = [ay^ — a>) a , yS' = (« — (»^)yS, 

(4) \iqq.rV = - '-^- la^-^' + ^-h^y. 

combining (4) with (3) we have 

= ^\{mny {{a-S){wa-co-S){co^a-coB){^-y){co/3-a^j){w^ /3-wy)}. 
Since, to within a permutation which does not affect the result, we may write 

d)^ ( o-j CB ) — w ( Tj a; ) 



(v^x) 



then 



(<-i^J 



and so on for all the six planes of the 6-plane \|^lV^ . We shall write the pro- 
duct of all six as ii/g ( X^ ;n, i/, ) . Finally since (0-^7,)= — 1/ — r,, we have 

4 ( mil I 
(5) rr,[{pp,fy- L(??J']^= 273 H^^;(\/-.-i)- 

The left side of this relation is the desired correspondent by T~' of the 
£'g(Xj;u.ji'j). For symmetry, however, we write it in a different form by the 
use of the reciprocity between the forms p^ and qjt\ given by Study,* i. e., we 
replace p, by qjt\, q^ by —pj)\, i\ by 1/r^, (XjCb) by 

(X;a,) = -fe'i((/x,c«) -(.,»,)} 
— y — o 



and so on for (i^ix) and {v^x) . Equation (5) then takes the form 

4 

27' 



(6) r [{pq.fY - »■. [{qp.fY = ^1 rl{mnf ■ E^ifi, - v„ v, - \, X, - ^,) . 



■Loc. cit., p. 190. 
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Disregarding the extraneous factors, we have then 

(7) The 6-plane which is the polar as to Q of the 6-point (Xj/u.ji'j), not on Q, 
is transformed by T~^ into the sextie surface in 8^ described in (7), § 3, namely 

S\p,)^r[{pqJY-r,[{qpjy. 

Or if we call two 6-points each of which lies in the polar 6-plane of the 
other "conjugate 6-points," then 

(8) The vanishing of ''a [(^2?!)^]' ~ ^i [(i'15'2)^]^ ^'* ^^^ condition that the 
Q-points in Sj corresponding to the points {p^x)^ and (p^^Y in 8^ be conjugate. 

A 6-pIane in a special position is made up of tangent planes of Q through 
the same /c-generator (t^x). One plane will have for equation 

p{lt^) + <7{mt^) + T{nt^) = 0, p+(T + r=0, 

the others being obtained from this by permuting p, a-, t. There are four dis- 
tinct cases : 

(a) If /3 : cr : T== 1 : M : o)^, the 6-plane is the two planes determined by 
H{a, b , c) with the /c-generator {t^x) each counting three times. 

(6) If /3 : cr :t = 2 i 1 :1, the 6-plane is the three planes determined by 
a, b, e with (t^x), each counting twice. 

(e) If p:<T :t = 0:1 : — 1 , the 6-plane is the three planes determined by 
a' , b' , c with {t^x~) each counting twice. 

(d) The 6-plane is the six determined by the «-geuerator (t^x) with the six 
distinct A-generators obtained by permuting p, <t , and t. 

From (16), (10) and (14) of § 6 we have, for the first three cases, 

(9) The 6-plane of case (a) is transformed by T"' into the cone (8<j)^=0 
taken three times. 

(10) The Q-plane of case (6) ts transformed by T~' into {pt^y = taken twice 
(r = being disregarded). 

(11) The 6-plane of case (^c)is transformed by T~^ into {^qt^ )^ = taken twice. 
For case ( (i) we make use of the resolution * of the sextie s^ ■ rp^ -\-f<f = 0, 

where s and t are arbitrary parameters, into factors ; one factor is 

{e^R + i^R){\x) + {e^R-h e^R)(fix) + {e.^R + i^R){vx) 

and the others are obtained by permuting the coefficients of (^), (a'^), (vx) 
in all possible ways. In this 



R=V{s'-f){s+t) and R = {/{s' - f){s - t). 

Hence, replacing xhy t^, we have at once 

(12) The 6-plane of case (d) is transformed by T~^ into a member of the pen- 
cil of sextlcs 

*See Study, loc. cit., p. 191. 
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(13) ^'■rKPhn+e-iiqt.yy. 

For s = t, s = , < = this gives cases (a), ( 6 ) mid ( c ) respectively. 

The doubly infinite system of sextics (13) is not contained in the triply 
infinite system '8"'(pj) for the obvious reason that these systems as well as the 
system E^ in S^ are non-linear. 

lu order not to prolong the discussion unduly we consider only lines of 2^ in 
general position, i. e., having no particular situation with regard to Q; a, b, c; 
a', b' , c' ; or H{a, b, c). Any line determines five others which form with 
it a 6-line. Two 6-points or two 6-planes determine however six 6-lines. 
To avoid this ambiguity we take the one line determined by two points- 
/Oj(Xx), <t^(^ijlx), t^(vx^ and P2(>jx), a-^i^i^x), r^i^vx) in which p^ and \ are- 
symbols having an actual meaning only in the combinations p^\, the conven- 
tion for cr^ fi^ and t^ v^ being the same. The line is then in parametral form 
(py)(^\x), (<ri/)(/aa;), (Ty)(i/x) where y^ -.y^ is the parameter and the identity 
in X and y 

(14) {py){\x)+{ay){^x)+{Ty){vx) = 

holds. The corresponding locus in 8^ is 

{pyyi<^y){'^y){^){f^^){vx), 

i. e., a cubic cUrve which by reason of (14) osculates C at the two points for 
which y is a, root of ( cry ) ( ry ) ( /iz^ ) = 0. Hence 

(15) If a line in Sj cuts Q on the two K-generators {\x) and {\x), its trans- 
form by T^^ is a cubic space curve K^ which osculates C^ at the points {\x) and 
{\x). 

As a corollary from this we have 

(1 6) T^^ transforms a general manifold in Sj of order n, M" {or also the 6-1/" ) 
into an IP" in 8^ which contains C^ as a 2n-tuple 2n-tuply asymptotic curve. 

For the Q-M" is cut by a 6-line in Qn 6-poiuts in general position, if*" 
is cut by K^ in 18n points only 6w of which can be in general position. The 
other 12w must be the six points of ^^ lying on C" each containing 2n times, 
i. e., Jf" has C^ as a 2n-tuple curve. If if"" also contains -C^ as a p-tuply 
asymptotic curve it is transformed by T into a manifold of order ISn — Sn — 2p 
which must be 6n, the order of the 6-ii". Hence j9 = 2n. 

A translation of some very obvious properties of points, 6-points and 6-planes 
gives rise to the following theorems : 

(17) Through two given points on C^ and a given point {p^xf passes one cubic 
curve K^ which osculates C at the given points. 

(18) Through two given points {p^xf and {p^xf pass six curves K^ which 
each osculate C^ at two points. 

Such a set of six curves will be called a Q-K^[p^p^). 

Trans. Am. Math. Soc. » 
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(19) Two sextic surfaces S^(p^) and S^(p^) intersect in six curves K^ each of 
which osculates G^ at two points. 

Such a set of six curves will be called a 6-^^(pj, p^). Of this latter set 
we can state the theorem 

(20) If S^{Pi) cuts the chord through p^ in the points P^^ and Pj^ and S^(p^) 
cuts the chord through p^ in the points P^, and P^^, the Q-K^ { p^ p^) falls into 
two sets of three one set all passing through Pj^ and P^j , the other through P^^ and 
P22 . The three pairs of points in which the three curves of one set osculates C^ 
are in an involution whose double points are the pair apolar to ( cTj a; ) ( Tj x ) and 
[a-^x)(T^x) ; the involution of the other set has for double points the 'pair apolar 
to {a-^x)(a-^x) and (t^x)(t2x). 

For if 

(A.j) + (m/i.) +(«!/,) = and (tX^) + (m/x^) + (nv^) = 

fix the two 6-planes in S^ corresponding to S^{p^) and S^(p2), their line of 
intersection cuts Q on the two /c-geuerators whose parameters are the factors of 
the quadratic 



J = 



(\x) (l^i^) (I'lX) 

i\^) (1^2^) (^2^) 
1 1 1 



= (\ir)(\;x) + (/i,a;)(M;x) + {v^x){v'2x) = 



We obtain six lines corresponding to the 6^' by permuting only X.^, /jl.^, v^. 
The first part of the theorem follows from the property of the 6-plane lying on two 
lines. For the second we have, on adding the even permutations, /, //and 
III of I, that I -\- II -{■ III = and hence the three pairs of points are in an 
involution. From I -\- coll -{■ ay^III we can factor out {(t^x) leaving a factor 
(cr.a;). Similarly I + w^II -\- will factors into [T^x){r2x). Hence 
{(T^x){(T^x) and (Tja;)(T.,a;) are pairs of the involution. Also from the odd 
permutations we derive another involution containing the pairs (^ct^x^^t^x) and 
(o-2a;)(T.«). 

From the duality between point and plane, line and line in 2^ we have in 
8^ a duality between point p^ and sextic Sfj,^-^ , between a 6-^3 and a d-K^. 
Since the quadratic I is the same for the parameters of the two /^-generators in 
which the line joining the point [\x), • • ■ and (X^aj), • • • cuts Q we have for 
the dual of (20) 

(21) If through the point p^ and the chord through p^ pass the two sextic^ 
^^{Pn) ^'^<^ '^^(Pn) '' ^^^ if through p^ and the chord through p^ pass the two 
sextics S^i^p^i) and 6"" (^22)? ^^^ Q-K^ through jj^ and p^ is made up of two sets of 
three,' one set lying on both S^(^p^^) and S^(p2^); the other set on both S^^p^^) 
and S^{p22). Ihe six pairs of osculation points on C^ lie in the same two invo- 
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lutions described in (20), the double points of the one involution being apolar to 
the double points of the other. 

As the correspondent of a pair of conjugate lines in Sj we have 
(22) For every pair of points on a K^, p^ and p^, the pair of sextics S^(pi) 
and iS^l^p^) have as paH of their common curve a definite second K^ which oscu- 
lates C^ at the same points as the first. Two such K* which are moreover recip- 
rocally related to each other will be called " conjugate." 

§ 8. The algeb7'aic group F^. 

The equations of this group are given by (3), § 5, but we naturally prefer 
to obtain its properties from those of <E>3 [(15), § 4] by means of T and T"'. 
From § (6) and § (7) the translation is in most cases quite obvious. Unless 
definitely stated otherwise the following theorems refer to a general transforma- 
tion of i^3, denoted by i^* 

(1) Under the group F^, there is a perfect duality between the point and sextic 
surface S^(p^)f; between the 6-K^ and the 6-K^. A pair of conjugate K^'s are 
self-dual. 

(2) A point, Pj , is transformed by F into six points which lie by threes on two 
conjugate K^'s, each of which osculates C^ at the two meets of C^ with its chord 
through p^ . 

(3) A sextic S^(Pi) is transformed by F into six such sextics which pass by 
threes through two conjugate K^'s osculating C at its two intersections with its 
chord through p^ . 

(4) A K^ through a point p^ is transformed by F into six K^'s, each of which 
osculates C at the same points as the original K^ and passes through one of the 
transforms of p^. 

(5) The system of sextics S^(pj^) and the system of cubic curves K^ are the 
manifolds of lowest degree which are transformed among each other by the trans- 
formations of Fg . 



* This transformation will be viewed in a different manner from that customary in the theory 
of Lie. From the equations of tlie group we see that the coordinates of the transformed point 
( p/j-)3== »•'( A'*) (/"'a;) [v'x) are six-valued functions of the coordinates of the original point. 
These algebraic functions have for branch points the entire surface r^ 0. On every manifold, 
then, of dimensions greater than zero will lie some of these singular points. So that it seems — 
at any rate when manifolds are in question — simpler and more in accord with the nature of the 
group to consider the various branches of the algebraic functions simultaneously. This requires 
however an extended definition of a group. For if a point is transformed by J^into six points, 
the successive performance of two transformations of the group is equivalent to the simultaneous 
performance of a finite number (in the present case general ly six) of transformations of the group. 

Or, using the word transformation in the ordinary sense, we may say that the transformations 
of % fall into sets of six and such a set will be denoted by F. 

t We assume of course that the points, curves, and surfaces considered in (1), (2), (3) and (4) 
are general, i. e. have no particular sitiiation with regard to r ^ . 
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For any surface in S^ is transformed by T into a surface of order 
Sn — 4m — 2p in S^ which has however a particular situation with regard 
to the triple of generator a, b, o or its co variants. This special situation 
is destroyed by a transformation of $3 and the transformed surface is carried 
again by T~^ into a surface in S3 of degree greater than n . For example : 

(6) ^ plane in 8^ is transformed by F into a surface of order 18 which con- 
tains C^ as a six-tuple six-tuply asymptotic curve with seven-tuple points at the 
intersections of the original plane with C^ . 

Hence the required manifolds of lowest degree in S^ arise from general mani- 
folds of lowest degree in S^, namely the planes and lines. 

In order to characterize more completely the six curves into which a K^ is 
transformed by F, we may introduce the doubly infinite system of sextics, (13) 
§ 7, any one of which will be denoted by S^ or '^^(t^, s/t). On an 'S^(pj) lies 
a doubly infinite system of ^', each of which is characterized by its two points 
of osculation with C. On a l,^(t^s/t) there is also a doubly infinite system 
of -ST^, all of which osculate C at (t^x). Two S^ intersect also in six K^ and 
we have 

(7) A K^ osculating C^ at {t^x) and {t^x) is transformed by F into six curves 
K^ which form the complete intersection of two definite sextics 2*(^js/^) and 
^\t„s'.lt'). 

These results seem sufficient to demonstrate the value of the canonical forms 
employed for the various groups. For the sake of brevity no reference has 
been made to the transformation 8 as it appears in the space 8^, where, with G^ 
and F^, it generates a six-parameter algebraic group. 
Bonn, August, 1904. 



